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IX. The Conflruction and Properties of a new Quadra-
trix to the [Hyperbola, By Mr. .. Perks. (om-
municated by Mr Abr. de Moivre, F. R. S.

~x~He Circle, Eliipfis and Hyberbola being not Geome-
trically Quadrable ( as infinite others ) :herc have
been two ways made ufe of to find their dres’s, 1. LBy
Converging Series, whereby Approaches are made nearer
and ncarer, according to the exatnefs- defird. 2. By
Quadratices, thatis, Mechanical Curves, which deétermine
the Length of certain Lines, whofe Squares or Rectangles
give the Area of the Figure defird. 'Of this fort is the
old Quadratrix of Dinoftratus, by which the Circle and
Ellipfe are fquared 5 and another fort (for the fame pur-
pofe ) I inferted in the Tranfadfions about § years ago.
Since that, having found the Conftrultion of a Curve,
from whence (befides its own Quadrature and Rec¥ification)
the Quadrature of the Hyperbola is derivid, I thought the
following Account might not ( to fome ) be unaccepta-
ble.
Let AB, €D, be two ftraight Rulars joyned at B, and
there making a right Angle. (Their length according to
the largenefs of the Figure you will defcribe.) E F is ano-
ther Rular {omewhat longer than A B. Near theoneend E,
Yet'alittle Truckle-wheel ( veorefented edge-wife by g A, and
made of a thin Plate of Brafs or fron ) be faltned to
the Rular by a Pin (4, ) thorew its Center, fo that
the Wheel may turn about upon the Pin (¢ ) tight to
the Rular without joggling.
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On the under fide, of this Rular ( the fide from the
fyein the Scheme ) let there be pinn'd or glewed a little
prece of Woed (in the form of a Quadrant, the part
which is {cen being mark’'d £/ ) wheofe edge (or limb
k1, is an arcly of a Circle of Center (7} and Redius.i b
(the fame with the little Wheel.) - The. defign of this
picce of Wood is, that in the- {everal Pofitions: of the
Rular EF, the circular Limb 4! always touching and
{liding by the edge of the Rular A B, the Center of the
Wheel may be always in a line ( #m.) parallel to the
Rular AB. '

In the Rular- CD'make M B=ibor: % and.atM
faften a little Pin, and another. to the Rular E F near.the
Wheel, as at p. . To thefe two Pins let be faftned the two
ends of a String M R, fo that its whole length ( from
PintoPin ) + ps, be equal to the intended Axis of the
Carve TW.

The Inftrument being thus prepar'd, let a ftrong Rular
SO, be faltned ( or held faft ) upon the Paper or Piain
that the €urve is to be drawn upon..  Lay the “ular £ F
from M towards A, and parallel to A B, fo that the Strisg
lye all ftraight along the edge of the Rular EF iromM o p,
the point §4 of the Quadrantai piece of Wood refting up+
on the-edge of the Rular A B. Then with a (ruall"Pin at
M keeping the String clofe to the edge of the Ruisr & T,
and with your other hand upon the end E, keeping the
Wheel tight to the Paper or Plain, move tlic Pin. strin
and Ruiar EF from M towards O, .the Rular £ ) (liding
along by the faftned Rular SO in a rigie line, che
?Wheel« g & will by its motion defcribe the- defired. Curve
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Note, 'The Semi-diameter of the little Wheel muft be
about the Swa of the thicknefies of the two Rulars
- EF-and A B, that it may touch the Paper.  Alfo it
will be convenient that 1ts edge be thin, and a litele
rough, that it may not {lide flateways, and that i
may leave a vifible impreffion.

From this Conftrution the following Properties ars
demonftrable.

1. It is evident from the Conftrultion, that the Swm of
the Tangent and Subtangent is every where equal to the
fame given Line = MR + Ri =T W.) for the String
( firlt ftraight at “T W, afterwards making an Angle av
R ) being every where the fame, the LineRi (or R p
= pi) is always the Tangent, and the Remainder R M
the Subtangent 5 the Contalt” of the Wheel with -the
Plain, being the point of the Curve to which they be-
long.

1. It hence follows, that any affignable part of the
Lurve is Redfifiable, or equal to any -aflignable {traight
Line: In Fig. 2. Let F AE be a part of the Gurve, irs
Vertex F.  HID 4 is the Line defcribed by the maton of
the Pin R (in Fig. 1. ) and may be (hewn tc - Af-
fymptote to the Curve. F H a perpendicular to 4 D
Let A be given point in the Curve, A D-the Tangent,
and B D the Subtangent to the fame point A, Let « be
another point in the Curve infinitely pear te: A, to which
let a d be the Tang=nt, and b d the Subtangent, Drawe
A G, « g perpendicular 70 F H and A B, 2 6 perpendicu-
lar to HD. By the Conftrution AD + DB =44 -
d b, Leta s be made equal to ¢ D, and draw D&, Thea
becaufe ¢« d +bd=AD -+ DB B Subtra®t b D and
al:{ crad ) from both Sums ( Equals from Equais )
therciemains & d -+ d D= Aa-+ Bb (orCa) A=
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Dd & are like Triangles ( or differing infinitely litile fronr
fuch ) theretore Ca (Bb J: Aa:: ¢#d:Dd. and com
pounding Bb 4 Aa:A2:: #d+Dd: Dd Altoe
nating Bb + Aa:ad+DdizAa:Dd. But BL
Aa=od -+ Dd (asis fhewn above ) therefore A a =
Dd. A a’sthe fluxional Particle of the Curve ¥ A, and
D d is the fluxionzl Particle of the Line H D: Thetx
Fluxions- or Augments, being equal, and their flowing
quantities beginning together, are themfelves therefore
cqual, viz. ¥ A= H Dv

LetFG=x. GA(=HEBE_}=y. AD=tBD=
S. So js the Curve FA = HD =y - §: that is, the
Curve from she Vertex to any. given point therein, is equal to
the Sum of its Ordinate, and Subtangems 10 the fame point
which is ats fecond Property.

I1I. The next Property ( and whercupon 1 call it the
Hyperbolic Quadratrix.) 1sthis, In Fige 2, let F AE be a
part of the Curve, (& as before.) F 1K His s Square
upon theline FH. a IL is an Equilater Hyperbola whofe
Vertexis I, its Afymptotes H O, H R« its AxH I . From
a given point L in the Hyperbola (bclow its Vertex T )
draw L A parallel to the Afymptoie R H, interfe&ing
the Diagonal IHin M, F H 1n G, and touching the Qua-
dratrix in A. 1 fay, that the Hyperbolic Area I L M is
equal to- a Retangle, whofe fides: are the Ordinate G A,
and twice ¥ H, the Ax to the Quadratrix, thatis, Trilin.
ILM=2FH*~GA.

Let FH=a, FG=1x%, GA=yv. beaule of the
Hyperbola GLX GH (LS) =¥ o q. therefore G L

F‘ H q 1 F H q £y Id . . -
= - s anc LM = — G H M Gt
GH? nd LM G H Y > hatzs,
ITM=22 a1 x= 23X—¥* | and c~nfequently
a--x 7.
the fluxion of the Area T L it - - ok ‘

In
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In the Re&angle triangle ADB, AB=,..x BD
=6 AD=t=a—S§; then s ADgq :ABq+
BDq:oraa2a8+8 =aa—2ax+xx+8S8§
2aX—3XX

22

Let ! 2 be a right line {uppofed infinitely near and pa-
rallel to L A, and interfecting A B in C. Becaufe of like
triangles ACa, ABD3sAB:BD::AC:Cacthatis

a-—-x:S(=2‘a x--—xx_>

24
2aAX - XX
aa—=23ax

2 aX-——X X . . . . PR
% The Flowing quamity of 2ayis2ay

. . 228Xe=XX . .
and the flowing quamtity of — g XIS theHyperbolic

~ Area I'L M (as is fhewn before. ) Thefe two Area’s be-
ginning together at F and I, and having every where
equal Fluxions,or Augments, are therefore themfclves every
where equal.

which being reduced, gives § =

:1x: y . thercfore y =

« . Maultiply each by 3 a, and ’tis 22y

N. The Quadrature of the Trilinear Figute 1L M
being thus found, any other Area bounded with
the Curve line I L. and any other Right Lines is alfo
given.

1V. Suppofing the fame things as in the precedent Pro-
pofition, 1 fay, that the Area of the Quadratrix FabHF
is equal to half the fquarc of F g, wanting the Cube of

¥ g divided by fix F H,orFabHF = }%“x‘x:. The

Fluxion of thisArea is the ReQtangle CabB=a —x x y

== q e X X —‘x::X}(—-a’éx. Th@’

fAowing quantity of x x is ¢  x: And the flowing quan-
tity
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tity of «i:‘}\ is 7, Las is cafily fhewn by bring-

<

ing back thefe flowing quantitics to their refpetive Floxi-
ons”]  And hence alfo it follows, that the whole Area
continucd on infinitely towards E, is one third of the
Spuare FIKH 5 or aa. Eor fuppofing x = a the Area

aa aa aa

abovs becomes — — —, — —
- 2 1«6 30

Vhile T was confidering the other Properties of this
Carve, and had given fome account of them to my
ingenious Friend Mr Fobe Colfon, he returned me
4 Letter with the Addition of the Quadrature of
¢he Curves Area, which I 'had not then enquired
into:

V. Suppofing ftill the fame things, I fay that the Solid
inadc by the converfion of the Area F a b H F about the
Line H b as an Axis, is equal to a Cylinder whofe Radius
S g o __{x . X3 X:._
isF IH{ = a, and height equal to 22 T 3as teoe
And the whole Solid made by converfiou of the whole
- ¥Figure infinitely continued, is equal to an eighth part of
a Cylinder, whofe Radius and Height are each equal to
¢ Hora,

Let g exprefs the Proportion of the Periforie and

Diameter of a Circle. Then s % a b quad. the Area of

a Circle' whofe Radius Isab. And becaue Ca =y =
X — X X X X X
5 ax thefluxion of the Solid is P a b q. »

2 — D 2ax
S or
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P 2 X—Xxx.o P g T
OF s ~— X = 33F T e SERt ok
G- X
. ... P
whofe flowing - quanticy -is 5 X X X X % o
2

X%

8a

of a Circle whofe Radius is ) gwes — =+
2a 2aa gaa

for the he]gkt -of .a Cylinder on: the faid circalar Bafe,

and eqnal to the Solid made by converfion of the Arca

Fa b H F about the Line H b as an Axis.. When x =a

( that is when the whole Figure is turn'd -about its A-
X3 , X4

X X
{fymptote ) the height — -— 4+ beceme L 1
ymptote ) T 2aa 8aa =

Which Solid being divided by Ll a a { the Area

VI. The Curve furface of the Solid generated by the
Converfion of the Figure Fab HF about H B, is cqual to
the Carve furface of a Cylinder, whofe Radics is ¢, ang
XXy ? XX . Aud the.whoic:
4a I22aa
Curve Suitace of the Solid infinitely continucd, is equal te
one third part of the Curve Surface of a Cylinder Wboﬁe Redins
and Height are equal to ¥ H or . Which may be demor-
ftrated after the manner of the precedent Propofition:

height equal to?

VIL. The Radius of ' ‘the Curvature of any Particle of
the Quadratrix is —-L—L—-— and this found Gsometrically.

InFig. 3. FAE] 18 the o(uazdratrzx, H D the Afymptote,
A D the Tangent, B D the Sybtangent to a'given point A.
Make B V = A D. Upon V rife %ﬁe pbrpendchar V. W.
from A draw A W perpcndxcular to the Pangent A D; uﬂ
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it meet A W in W, Sois A W the Radius of the Curvi-
ture ar A,

V1L This Curve may be continued on infinitely above
:lie point F (Cbut by a different and more operofe way of
Conftraftion ) whofe Properties will be thefe. 1. The
Difference of its Tangent and Subtangent ( taking the
Subtangent in the Line H 8§ ) will be always equal to the-
tame given Line F Hor o. Thatis, ast + s = a, below
T, fot — s =aabove F. 2, As below F the Curve Line
is equal to the Swm of its Ordinate and Subtangent, fo a-
bove, it is equal to their Difference of — S—y. 3.As below
¥, 2ay=ILM, foabove 2 2 y=1Ian. All which
{and its other Properties) may be demonftrated as the Pre-
cedent mmutatis mrsandis.

1X, With a Iictle variation in the precedentConftruction
may the Logarithmick Curve be conftructed, which is alfo a
Luadratrix to the Hyperbola. In Fig. 1. omitting the
String M R P, let the diftance M R be equal to the Subtan-
gemt of the intended Logarithmick Curve (which, as ‘tis
known, is invariabie.) Stick a Pin at R in the Rular CD,
to which apply the Rular EF, fo that the edge of the lit-
tle Quadrant & /, reltigg upon the Rular A B, the diftance
MibeequaltoM R. Then keeping the Raular E F tight
to the Pin R and Rular A B, {lide the Rular C'Dalong in
4 ftraight Line (by the Rular or Line $ O.) So will the
Whecl g hdeferibe a pare of the Logarithmick Curve T' V,
whofe Swbtangent is every where M R.

X. Fig.2. Let F AE reprefent the -Logerithmick Curve,
whofe Subtangent js equal to FH. "LIAis an Equilater
Hyperbola (@. as before § II.) Let FG =x, Ga=
Yy FH(=BD)=a GH(=LS)=2a—x AC=
xCa=y.Then AC:Ca:: AB:Bthatisxiy:i:a
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aa . . aa . ,
X122 ——rr thercforeayza — %, The

Flowing quantity of ay isay s and the Flowing quantity
of 22 __ isthe Hyperbolick Area F I L G (for by the

a e X

nature of the Hyperbola GL = aaj—; y therefore is
the Hyperbolick Area F TL G equal toa ¥,.a Refangle
whofe fidesare the Subtangent (B D = F H) and Ordinatz
G A (‘as here accouated ) of the Logarithmick Curve,

33X Fig. 1.
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